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Abstract. We give here some negative results in Sturm-Liouville inverse the- 
ory, meaning that we cannot approach any of the potentials with m + 1 intc- 
grable derivatives on M + by an w-parametric analytic family better than order 
of (a;lnaj)-( m + 1 ). 

Next, we prove an estimation of the eigenvalues and characteristic values 
of a Sturm-Liouville operator and some properties of the solution of a certain 
integral equation. This allows us to deduce from [5] some positive results about 
the best reconstruction formula by giving an almost optimal formula of order 
of uj- m . 
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1. Introduction 

In this paper we deal with one of the problems of Sturm-Liouville inverse theory. 
We consider the equation on the half-axis R + 

--T-2 - w Qy = AVi 

where the potential —uj 2 Q is strictly negative with many derivatives which are 
locally integrable and polynomially decreasing at infinity, and to a large enough 
parameter. We know (see pQ) that the operator — 4-% ~lo 2 Q admits N(ui) (of order 
to) negative eigenvalues — and for each one of these an unique eigenfunction <j>j 
such that 

poo 

^(0) = and / \cj) j (x)\ 2 dx= 1 . 
Jo 

We put Cj — ((f>'j(0)) 2 , which is called the characteristic value associated to 

The problem deals with the reconstruction of the potential —uu 2 Q from given data 
of the eigenfunctions, and more precisely from the eigenvalues £j and characteristic 
values Cj. The motivation comes from one side, of the questions of seismology 
(see jS], 0), and on the other side from the results of Lax and Levermore on the 
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small dispersion limit of the KdV equation (see jHJ). We know that there are more 
or less explicit approximation formulas coming from the works of Gelfand, Levitan, 
Kohn and Jost (see 0], EH)- Moreover, motivated by Lax and Levermore, G. Hcnkin 
and N. Novikova gave in [5J some results with more precision on the convergence : 
more precisely, they gave formulas that approximate any Q with m + 1 locally 
integrable derivatives uniformly on any [0, X] when u — > +oo, at least at order — 

Then there is a natural question (see p. 22) about a better approximation : 
is there another formula (and can it in this case be made explicit) which gives a 
faster convergence to Q ? 

There are two cases in which we give an answer : in the first with m — 1 there 
is an explicit approximation formula of Gelfand-Levitan type : 

Q°Jx) = ^^ln\det(W s , r )(x)\, 



with 



2 



W St r(x) = (1 - Str ) O s ,r \2x - — \ . 

t,r + 4s Sr — 4s V / 

This formula (see |S]) approximates any Q by primitives uniformly on any [0, X], 
with order y= (but hopefully the precision could be better, like ) . We then have 
the following result : 

Theorem 1.1. Let Qi be the class of functions Q, defined on M + , strictly positive, 
polynomially decreasing with 2 locally integrable derivatives such that Q'(0) = 0, 
and with operators — i^ 2 Q- For all N = 0(uj), let ip(x, () be a function which 
is defined on R + x C^, of class C 1 with respect to x and entire of exponential type 
with respect to £ € C N . Then the approximation of 



Q 2 := | (x » J Q{t)dt\ , Q eQi 



uniformly on any [0, X], by the family 
1 dip\ 



dx ) 

when lo — > oo, cannot be better than order of 

1 



(i,C) ,Cf = oK),vj = i jv 



(u> Incu) 3 

Moreover there is a case where the approximation is (at least) of order of 
which is given by the formula of Gelfand-Levitan type : 

*(x,0=detW Sir (x,Q, 

with 

~ 2sh(C,r + C, s )x 2sh(( s - ( r )x , , 

W s . r {x, Q = — — : (1 - <S s , r ) — — 5 s ,r (2x - exp (Cr+w(w) ) J , 

S>r "T C, s C, s (, r 

s, r = 1, . . . , N(u>), where N(u>) is the number of eigenvalues £j and characteristic 
values Cj of the operator —j^z — u 2 Q, whose optimizing element can be chosen to 
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be 



Af 2 (Q) 



This result will be proved in section |S] : the Gelfand-Levitan type formula can 
indeed be seen as a nonlinear family with respect to the parameters £j and Cj . In 
general one approximation formula can be considered as an approximation of any 
compact subset of Qi by a nonlinear manifold. More precisely we deal with the case 
when the family is represented by an entire function of exponential type. Thanks 
to the negative results on approximation theory (which will be given in section [21 
see [7]), we will be able to get lower bounds for such approximation formulas. Notice 
(see section [5J| that the decreasing condition of any Q is not usefull to prove the 
negative case. However an estimation of the eigenvalues and characteristic values 
(which will be proved on section is necessary : 

Proposition 1.1. Let —uj 2 Q be a strictly negative and integrable potential of class 
C 1 with Q'(0) = 0, and that is polynomially decreasing. Then for any sufficiently 
large lu and j = 1, . . . , N(lu), one has 

1 1 4£ 2 

— 6 < & < aujb and Tr~^\ - TT - aexp ( /3 ^ 7 ) • 

auj° aexp(pw 7 ) Cj 

This decreasing condition of Q is assumed in order to apply rigorously the WKB 
method but apparently it should still be true in a more general case (see 8 , III). 

In order to get a better estimation, not only for 2 derivatives but for m + 1 
derivatives (see [5]), we have to deal with not explicit formulas (because any better 
estimate is not achieved by this explicit formula given above) which approximate Q 
with order (at least) of (we think that the precision could be better, of order of 
— ^qrr ). However these formulas have, in the case where the derivatives of Q vanish 
at 0, the following expression : 

2 / d d 2 
Quj{x) = —z -—A(x,x) + —r detT jtk (x) 
uj z \ dx dx z 

where A(x, y) is the solution of the integral equation 

A{x,y)+ j A(x,s)$(s,y)ds + $(x,y) =0 
Jo 

with 

*(*,¥) = jT (Vtf+cAXO)-*) f dk, 

and for all j, k = 1, . . . , N(u) 



2 



4£ 

T j,k( x ) = Trhk 



+ 4^ (sh(£ 3 t) + A(t,s)sh(£ jS )ds^ (sh(£ k t) + A(t, s)sh(£ k s)ds^J 

Even better, these formulas can be seen as analytic families with respect to the 
parameters £(Q) = . . . ,£jv(w)) > C(Q) = (d, . . . , C N ( U )) andw 2 Q(0). Another 
application of our negative results (and a positive result given in [S]) gives the 
following theorem : 
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Theorem 1.2. Consider Q m +i the class of strictly positive functions Q, strictly 
decreasing with m + 1 locally integrable derivatives which vanish at 0, and their 
Sturm- Liouville operators — oj 2 Q. For any N, M — 0(ui), let ip{x, £, w) (resp. 
k(x,£,w) ) be a function defined on R x C N x {$Rez > 0} M , of class C 2 (resp. 
continuous) with respect to x G M + and holomorphic with exponential kind with 
respect to ((,w) eC Jv x{Jfez> 0} M . 

Then the approximation of Q m +i uniformly on any [0, X] by the family 

x i-> k(x,(,w) + ( -y^ ) (x,C,w) ] , Cj = 0(w r ), K - w n | < u r 



9a; \7p dx J 

when to — > oo, cannot be better than of order of 

1 



to) = — — ^4(x, w) and ^(x, £, = det Tj^(x, £, u>) 



(wlnw) m+1 ' 

In addition there is an almost optimal approximation formula defined as 
d_ 
dx 

for (C,w) G C 2N( -^ x{Sez> 0}, which gives a positive result of order of 

1 

LU m ' 

Moreover Q G Q being given, such an element (C(Q)> W (Q)) can be chosen as 

(j(Q)=Zj(Q), Q+N( u )(Q)=ln-^-j, j = l,...,N(u>), and w(Q) = w 2 Q(0). 

As in the previous case, the decreasing condition is not usefull to prove the 
negative case. However, in order to associate negative and positive results we must 
prove some properties of the solution A(x,y) (see section0J : 

Proposition 1.2. The solution A (x, y, uj 2 Q(0)^ exists and is unique, and can be 
holomorphically extended by A(x,y,w) on the half-plane W — {Sew > 0} with the 
following properties : 

i£l + H A(x, y, w) G L 2 y ([0, x\), 

is continuously differ entiable and of polynomial kind with respect to w G W. 

We finish then by giving some examples of inverse problems with some possible 
analogous applications. 

I would like to thank G. Henkin for interesting problems and improving discus- 
sions about this work. 



2. Some results on approximation theory by nonlinear manifolds 
We consider the compact set A ; (7 S ), I = [0, 1], s G N*, I > 0, 



A, 



U) 



U,. = = {/ G C\I S ), Vj, < j < m, 

where I = m + a, m G N, < a < 1 (m = — [I] — 1), and 

11/11 -, u J/W-/fa)l 
II/I|q - & ^ \\x- y \\° ' 



< 1, 



(m) 



< 1 

OO 
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with || • || the usual euclidian norm (A; s is a compact subset of (C°(I S ), || • ||oo) and 

■ Ik) )■ 

We remind the theorem of Vitushkin (see [H], El) : 
Theorem 2.1. Let consider the family 

Pn,d = \ P(C) = E C >°( X K k > < = • ■ ■ -Cn) G 

[ |fc|<<Z 

where n > 1, d>2 are integers, and Ck G C{I S ) (resp. L 1 (/ s ) / ). 
TTien 3/ie Aj, s , suc/i thatMC G R™, 

ii^-^(c)h >-^4r, 

(nloga> 

where \\ ■ \\ is the uniform norm \\ ■ \\oo (resp. \\ ■ Wl 1 ), C(l,s) = Coc,(l,s) (resp. 

C L i(l,8)). 

Equivalently, if V n> d is the set of families of C(I S ) (resp. L 1 (/ S )j which are 
parametrized by n variables and polynomially of degree (at most) d, then 

Am(A^):= inf sup inf ||fe-P(C)|| > . 

Pev 7l , d heA liS CeR" (nlogd)* 

XTie complete proof of this theorem with precision of constants is given in ?; : 
S) ~ V^2' +1 8^ (p] + 1)W+!(4(1 + e))*Cm+i) ' 

and 

r r/ ^ ((m + i)0 2s 



5 v / i2 i + 2 18nW + l)M+i((2[q + 3)!) s (l + e) s (W+i) 



Remark 2.1. In the continuous case when s = 1 and Z > 1, we can even assume 
that h G A; fl C l (I s ) and satisfies (see corollary 3 in |7]) : 

f-^V < IWloo - IM*(0)l < 77^, 

I (n log a) s (n log aj a 

w %((umu)<o 

(h(x) = 0, Vx e [o,^] . 

We remind the following theorem as well (the proof is given in 0), which is an 
analogous result of the theorem 12. II for the analytic case : 

Theorem 2.2. Let consider the domain W — {5ie z > 0} and for N > 2, M > 0, 

f(x,(,w) = f(x 1 ,...,x s ,(i,---,(N,w 1 ,...,w M ), x G I s , C G M. N , w G (R+) M 

where f is entire with respect to £ G C , holomorphic with respect to w G W M and 
continuous with respect to x G I s . Assume that V(C, iw) G C w x W M , 

||/(-,C,w)||oo < 4e"( JV + M ) M e 6 ( Ar+M ) t (^ll?+ll w ll?), 

where A, u, v, b,t,d G [1, +oo[ and ||£||i = |£i| + . . . + |Cjv| ( as weiZ as ||io||i^. 
Consider the subset 



n 



N,M={((,w)eR N X (M+) M , |0| <Bx(M + N) r \ \ m - ai| < (1 - e)a,} 
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where for all i, m < Bi(M + N) r ' 2 , and Bx, B2, rx, ri > 1 and < e < 1. 
Then 3 h € A; s swc/i i/iot V (£, w) £ &n,m 

\\h-f(;(,w)\\ x > ( 



((M + N)log [2] (M + N) 

In the case s = 1 and / > 1, we can in addition assume that h is identically zero 
in [0, ^j] (property (*) ) and satisfies thatW (£,w) £ &n,m> ^ x C,w such that 

( g-C.D <\h(xs )\<\\h\\ < 2 ' c -"'^ 

(*') S M^C^^M^C^C, w) < 0, 

l J ll-^ii'('>C) u ')lloo - 2({N+M)\og{K+K 2 )Y ' 

where f w) — Pk{'i Cj to)+iJjr (•, C w ) * s ^ e decomposition of f as a polynomial 
Pk and the remainder Rk, with K = O ({N + M) a ). 

Although it seems to be unnatural, the choice of the half-plane W is motived by 
the applications in the last section (see theorem 15 .21) where we will choose M = 1. 
We deduce here the following corollaries from theorem 12. 21 which will be uscfull in 
the section El 

Corollary 2.1. Let ip(x, C, w) be a function, defined on [0, 1] x x W M , of class 
C 2 with respect to x, such that for all x £ [0, 1] the functions ip(x, £, w), C w ) 

and ^j?{x,C,,w) satisfy the conditions of theorem \2.iH Let be in the other side 
k(x,£,w) continue with respect to x and analytic of exponential type with respect 
to (£, w) such that the restriction on WL N x is of polynomial type. 

Moreover assume that V (£, w) £ &n,m 



1 



and 



g(o,C,-) = o. 

Let finally &m, n > be a constant such that &m,at and b are of polynomial type 
atM + N. 

Then the approximation o/A;([0, 1]) by the family 

x £ [0, 1] 1 ► \k{x, C, «0 + ^ \^~^ (x, C, w)j j , (C, w) £ Sl NM I , 

in the uniform sense on [0, 1], when N + M — > +00, cannot be better than 

C 



{N + M) l (\n{N + M)) 1 ' 

In addition, a function h which satisfies the minoration can be choosen in A; n 
C^([0, 1]) and be identically zero on [0, 7^] . 
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Proof. We can assume that V(£,w), 0(0, £,u;) > : indeed, the condition about 
■0(0, C,w) shows that it nevers vanishes on the (connected) set WL N x (K + ) , then 
has the same sign and can be replaced by —tp (this does not change the family). 

Let ip, k be given and set 

i>{x,Q,w)=e %{x ^ w) i>{x,Q,w), 

with k(x,^,w) — Jq dt J Q k(s,£,w)ds. First we claim that the theorem 12.21 is still 
true with if> (although it can be not of exponential type) : there is indeed 



< Ae 



5(V+M)" 



then by applying the theorem 12.21 to Ae a ( N+M ^ ip we get by property (*') with 
K = 0(N + M) and for all (£ w) G ft N<M ■ 

Ae MN+M)f ^{x, £ w) = P K (x, C, w) + Rk(x, £ w) 

and 



Ae a(N+M) 



< 



Coo(U) 



2((N + M)\og(K + K 2 )) 1 ' 

On the other side there is h € A;([0, 1]) associate to the polynomial Pk, such that 
V((,w), 3 

xq^w wich satisfies 

Ccc(U) 



{(N + M)log{K + K 2 )) 1 



< \h(x^ w )\ and h(xQ, w )PK {xq, Wi £ w) < 0, 



hence 

ft - v>(-,c, w) 



> 



> 



e k(x (iW ,C,w) 
Coo (1,1) 



,fc(-.C,^) 



^^(V+M)/ 3 



^k(-j £ 



2((AT + M)log(iC + X 2 ))' ' 
and K being polynomial at (N + M), this proves theorem 12 . 21 with ip. 

Now we can prove the corollary. Set 



5 2 V 
d 2 x 




(x,C,w) 



x(x,{ 1 ,...,( N ,C N+1 ,w)=eS»+ 1 
and we see that 

where x still fulfills the conditions of theorem 12. 21 It follows from above that there 
is h € A;([0, 1]), such that for all (£ w) G &N,m, 3x = X(£ N+1W which satisfies : 



gs°(M0 < \h( T )\ < \\h\\ < 2'C oc (7,l) 



((JV+M+1) log(K+K 2 

h(x)e 2k ^^P K (x,C,CN+i,w) < 0, 
e 2 ~ k (-^R K (;(,(N+i,w) 



e(K+K 2 ))' ' 



< 



Coo(Z,l) 



2((/V+M+l) log^+if 2 ))' 



where x = Pk + Rk and K = 0((N + M) 1 ). 

Moreover h € ([0, 1]) and is identically zero on [0, ^j] . 
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Next there is still for all /j, £ [0, 1], 

h{x)iie 2 ~ kixX < w) P K (x,(XN+i,w) < 

and 

< 



then 



\h(x) - hx(x,C,(n+i,w)\ > 



Coo(i,l) 



oo - 2((JV + M + 1) log(X + if 2 ))' ' 

Coo(U) 



2((AT + M + 1) log(if + K 2 )) 1 ' 
Now ^ is of exponential type (and fc(0, C, w) = 0) then for all ((, w) £ Qn,m, 

< ^(0, C, w) = V(0, C, w) = O (>'(*W') , 

as well for ! — - and e bN>M from hypothesis, hence 



In 



0(V + M) r ') , 



v 6jv,mV'(0, C) w ) 2 y 

which can be chosen as value for the parameter Cw+i ; there is for all fi £ [0, 1] : 



h(x) 



*{x,C,w)1>{x,C,w) - (§)\x,C,w) 



i>N,M 



(V(0,C,™))' 



> 



2((iV + M + 1) log(tf + K 2 )) 1 ■ 



Now assume that e ~ bN - M ( WM^Sl ) < 1. Then it can be substituted in the 

\if>(x,C-w) J 

inequality as value for \x to get : 



h(x) 



1 



%£(x,C,w)Mx,Q,w) 



> 



> 



Coo (1,1) 



2({N + M + l)log{K + K 2 )) 1 

C 

((N + M)log{N + M)) 1 ' 



On the other case one has 



b N,M 



< e 2 . After moving x closer to if 



4>(o,c,w) 

necessary we can assume that the function 1 1— ► ip(t, (, w) does not vanish on [0, x] : 
if it si not the case one can consider xq as the first zero (> 0) of ijj(-,£,w). Since 
]im t _^ x - tjj(t, (, w) = 0, there is x sufficiently close to xq, such that 



< 



ip(x,C,w) 



< e ~ 



Moreover tp(x, (, w) and tp(0, (, w) have same sign, the function 

i>(t, c, w) 



t £ [0, x] i ► In 
is well defined (and of class C 2 ). Since 



V(o,C,^)' 



ln j>(xX, w ) b N.M 



2 ' 
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there is x\ £ [0, x], such that 

Otherwise we would have 

$(x, C, w) 



V>(xi,C,w) 



> 



?N.M 



In- 



V>(o,C,™) 



dt 



< 



which is impossible. 

And since from hypothesis ^e* : ^ t ^ , ' li '^'0(t, C, w)^ (0) = 0, there is as well x 2 £ 
[0, xi], such that 

'-(x 2 , C) ™)i>{X2, C, W) ~ (|f ) {x 2 ,(, w ) 



d 2 t 



> 



thus 



/i(x 2 ) 



1 9 



lj){x 2 ,Q,w) 

f{x 2 ^,w)${x 2 ,(,w)- (x 2 ,(,w) 



bNM (faa.C.t 

since 2 i C 00 (Z, 1) < i (see the statement of theorem 12. It . It follows that 



1 „,„ 1 

> 2 - ll^lloo > J, 



h(x 2 ) 



1 3 s ? 



(x 2 ,(,w) ll){X2,C,W) ~ {X 2 ,C,W) 



M 



1 

> - > 



c 



4 - ((N + M)\og(N + M)) 1 



(^>(x 2 ,C,w) S j 

(C is small enough), which completes the second case. 
At last 

dx* mC,w) " fc(x ' C ' w) + ^ %(0,C,t/;) ! 

we can conclude that there is h £ A; n C l ([0, 1]) which is identically zero on [0, 
such that for all ((,w) £ Qjv,M> 

/ „■» , / „ . \ 2 



fe(-,C,«;) + 



V 



f(., C , w )y,(,C, w )-(ff) (-,C,™) 



> 



c 



((7V + Af)ln(A + M)) z 



In a more particular case there is the following corollary : 

Corollary 2.2. Consider here i/j(x,£) on [0,1] x C N , of class C 1 with respect to 
x and such that ip(x,Q and §^(x, C) satisfy the conditions of theorem \2./& with 
M = 0, and 

1 _ / _ „B\ 
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Then the approximation of the compact set 



M[o,i]) 



h(t)dt , he At 



by the family 



1 



1 dip 



ip dx 



x G [0,1] » — (x,C) , Ci = 0(7V), Vj = 1, 



uniformly on [0, 1] , where bj^ > and £~ are of polynomial kind at N, cannot be 
better than 

C 

N l + 1 (\nN) l + 1 ' 

Moreover one can choose h G A; n C l (I s ) identically zero on [0, ^gl . 

Proof. We can in the same way assume that V£ G R , -0(0, £) > 0. Then ip being 
given, let consider 



-A 



x(x,Ci, ■ ■ ■ ,( n ,(n+i) = e^ N+1 — (x,Ci, ■ ■ -,Cn)- 

By theorem El with M = there is fti G A l+1 n C /+1 ([0, 1]) identically zero on 
[0, which satisfies (*') with respect to x- 
Let consider /i G [0, 1], there is 

\hi(x) - ij,x{x,(,(n+i)\ > \hxix) - nP K (x,C)\ - fi\\R K (-,(,(N+i)\\oo 

Coo(l + 1,1) 



> 



> 



2({N +1) log KY+ 1 
C 

(Moglv) 



(+i 



Particularly one can choose C,n+i = In 



6n^(0,C) 



1, we get by substituting fi 



hi(x) 



•0(o,C) 

e b iVi/)(x,C) 



6at V^jO 



> 



= O 



c 



Nowife^Hg 



> 



(iVlogJV) 



2+1 



otherwise tp(x,£) < ~etP'- Thus after taking a; close enough to if necessary, we 
can assume that the function 1 1— > ^(i, £) does not vanish on [0, a;] : if it is not the 
case let consider x to be the first zero (> 0) of ip(-,(). Since lim^^- tp(t, Q = 0, 
there is an X\ sufficiently close to xo such that 



o < 



< e" 



mo 

Moreover ip(xi,Q and ip(0,Q have same sign, and so the function 

mo 



t G [0,xi] i ► In 



is well defined (and of class C 1 ). 
Since 
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there is X2 € [0,£i] such that 



3 4>{t,Q 

at n v(o,o 

Otherwise we would have 



(x a ,Q 



> b 



N ■ 



hi 



mo 



which is impossible. And since ||/ii||oo < ^, we get 



hi(xi) 



c)x 



< b N , 



C 



1 

- 2 - (AlogA) i + 1 ' 



At last, set h = h[ G A; n C l ([0, 1]), then hi(x) = f* h(t)dt (since hi(0) = 0) 
and /i is identically zero on [0, too. 

V 

In the section GO we will also use the following 

Corollary 2.3. The corollaries \2.1\ and \2,H\ are still true (with I > 1) if we only 
consider in A/ n C^QO, 1]) the functions h > which are strictly decreasing and 
satisfy 

fck'>(0)=0,Vj = l,...,p]. 

Proof. Consider ip and set 

4>(x,C,w) = exp (b Nt M (ax [l]+3 - dx 2 ^ ip(x,(,w), 

with a, d > 0. Then t/j still fulfills the conditions of corollariv 12.11 (resp. corol- 
larv l2.2fl : indeed b^^i (resp. b N ) is polynomial at N + M (resp. N), ip is of class 
C 2 on [0,1] (resp. C l ) and 



d 2 L ij>{x,C,,w) 
dx 2 1 n ^(0,C,^) 



a 2 a vfodw) 



9x 2 



V(o,c,^) 



+&iv,M (a([l\ + 3)([/] + 2)a; m+1 - 2d 



According to the corollarv l2.1l there is ft, € A; nC' ! ' ([0, 1]) which satisfies : V (£, w) S 
Hjv.Mi 3x G [0, 1] such that 



1 



(•,C,«0 



1 



> 



bN,M 

c 



, 92 , 
£: + — -rln 



<9x 2 ^(O, C w) 



(NlogN) 1 ' 

with fc(s) = k(a;) + 2d - a([l] + 3)([/] + 2)a;[ i ] +1 . 

In the case of corollary 12. 21 we get in the same way : VC, 3 x € [0, 1] such that 



/i(t)dt 



9-0 



(x,0 



> 



h(t)dt 



C 



1 



&Ar'i/ , (x, C) dx 



{x,0 



(N log NY+ 1 
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Now we have to choose suitably a and d : on l] , 

h'(x) = ti(x)-a([l]+3)([l]+2)([l] + l)x® 

< -a([l] + 3)([l} + 2)([l} + l)^ + \\h'\\ 0O 

< 0, 

with a sufficiently large (since h g A;([0, 1])). Thus h is strictly decreasing, as well 
as on [0, where h is a constant, a being fixed, d can be chosen sufficiently large 
in order to get h > 0. It follows that h is strictly decreasing and all its derivatives 
until order [I] vanish at 0. 

Because h is in a homothetic of A/([0, 1]), it is sufficient to finish the proof to 
consider a ( [ ; ] +3 )([;(' + 2)+2rf+i ' ai t er changing bN,M (resp. bjy) and reducing C with 
respect to a and d (which only depend on [I]). 

V 

3. An estimation of the eigenvalues and characteristic values 

We consider the equation on the half-axis R + 

-y"(x)-Lo 2 Q(x) = \y(x), 

with the following hypothesis : Q is strictly positive, integrable and has m + 1 
derivatives which are polynomially decreasing at infinity, and ui is a big parameter. 

For any sufficiently large cu the Sturm-Liouville operator —-j^i — tu 2 Q has N{to) 
discrete strictly negative eigenvalues \j — — £?, < £i < . . . < £at, and N(ui) 
eigenfunctions (fj which satisfy the condition : 



/•oo 

<£j(0) = 0and / \<Pj(x)\ : 
Jo 



dx = 1. 



Moreover the number N(uj) has the same order as to ; more precisely there are the 
bounds of Calogero (cf. pQ) : 

/7T7 - / Q(x)dx --< N(u) < — / y/W)dx. 

It follows that for all sufficiently large u, aui < N(u>) < bui. 

At last we set Cj = (^ (0)) , the characteristic value associated to . 

To apply at section [S] the negative results from section [3 we have to prove the 
following estimations : 

Proposition 3.1. Let q — ~uo 2 Q be a strictly negative potential where Q > is 
integrable of class C 1 with Q'(0) = 0, strictly decreasing on R + with polynomial 
behavior at infinity. Then for all sufficiently large to and j = 1, . . . , N(u>), there are 



< fj- < cw and 1 < -f < aexp (/3w 7 ) 

uj° aexp(pw z ) Cj 



where a,b, c, a, {3,j are constants wich only depend on Q. 

Proof. This proposition is a corollary of the WKB theory which is not precisely 
formulated in the references, so we give a proof by using principally the WKB 
method like in [H]. Its consists in some following lemmas. 
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Lemma 3.1. For all j = 1, . . . , N(u>), 



UJ b ~ 1 ~ 

Proof. Let <f>j be the normed eigenfunction then 



> 
> 



4>'I (x)4>j(x)dx — uj 2 / Q(x) <p 2 (x)dx 



4>j (x)dx — uj inf Q(x) 

J x>0 



-uj supQ(x), 

x>0 



then < wsup^o y/Q(x) = ujy/Q{0). 

About the lower estimate, we have to extend the equation on the whole line R in 
order to apply the WKB method of Lax and Levermore (see [H]) : first we extend Q 
on an even function which still is of class C 1 (since Q'(0) = 0) and integrable with 
polynomial decreasing at infinity. Moreover the extension (which we still write Q) 
is monotone on R + and has the one maximum at 0. 

Next we extend each eigenfunction 4>j on an odd function (this is possible since 
4>j(0) = 0) which still is of class C 2 on R because </>"(0) = 0. So each extension is an 
eigenfunction with the same eigenvalue, and conversely we see that by restriction 
we get all of them (by uniqueness since the £j are eigenvalues). 

Now we consider the equation in the quasi-classic case : 

-e 2 y" -Qy= -r/ 2 y, 
where e = ~ and r]j = liN ~J +1 , j = 1,...,N. Then 



< r) N < . . . < rn < VQCO), 



and by the WKB method 



where 



en, 



{Q(y) 



T} 2 ) 2 dy 



with x + (ri) = — x-(ri) > satisfying —Q(x+(rj)) = —Q{x-{rf)) = —rf (well-defined 
by monotonicity of Q on R~ , R + ) . Next 



N(uj) = N(e) 



-^$(0) 

en 



s(r)j) = exp 



1 f°° 

- / (Q(v))*dy 



At last 



where 



-(n) 

and Sj is the normalized coefficient of the Jost solution 



(v) = v^+iv) + v - {v 2 - Q(y)) 2 dy 



<pj(x) - sj-exp (-^) 
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Hence it is sufficient to prove that 

a 

Vn > —r 

(for more simplicity we call by a different constants). There is from hypothesis for 
x large enough 

- , 77 < Q(x) < . , 

a |z| fe i ~ w ~ \x\ k * 
(with fci > fc 2 > 4) and since 77 at — > when w — > oo, then 
11 o a 

< Q{vn) = vn< 



and 

11 , N a 

37 < x+(r] N ) < 37 

a ?7at fe i ?7jv fc2 

(as well as x-(t]n) = —x+(vn) )• Thus 

(fX-(VN) poo \ px + (r] N ) 

/ +/ (W) 5 <%+ / (Q(2/)) 5 -(Q(2/)-^) 5 d y . 
J-oo Jx + (r] N )J Jx-(t)n) 

First one has 

/■oo /-oo 

/ (Q(l/))*dy < / — dy = 

Jx + (t) N ) J x + (;q N ) y 2 X + (r)N) 2 



kn-2 



< ar/N kl 
as well as f*^ m) (Q(y))*dy. Next 

pX + (r) N ) i rX+{q N ) j 

/ (Q(y)) 3 -(Q(y)-^) 5 <% < / (Q(w)-(Q(i/) 

Jx-(r) N ) Jx-(t)n) 

= t] N (x + (r] N ) - X-(r] N )) = at] N fc 2 
< ari^r fc i 

(because fci > fc 2 and 77 at < 1 for w large enough), thus 

k 2 -2 

$(0) - <$>(r] N ) < ari N "i . 
Since N = [^#(0)] < ^ there is 

$(0) - <%at) > y, 

it follows that 

«W fcl > y, 

then 

fc i a 



CJ fc 2-2 



which completes the proof of the lemma. 
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In the following we need a formula of Cj (see 0). We extend the equation 

-y" - u 2 Qy = k 2 y 

with respect to k in the half-plane {3m k > 0}. We know that there are the solu- 
tions 4>(k, •), ip(k, •) and f(k, •) which respectively fulfill 

' 4>(k, •) E L> 2 ([0, oo[), and /J" \cf>(k, x)\ 2 dx = 1 
tp(k,0) = and ip'(k,0) = 1 
/(fc, a;) ~ exp(ikx), x — ► oo . 

0(fc, ■) is the physical solution and f(k, •) is called the Jost solution. When k is one 
of the eigenvalues £j (and only in this case) these three solutions are proportional 
(and can be chosen to be real) and there is 

'f(kj, •) = /'(%, O)V(^v), 

< <Kk j ,-) = c?i>(k j ,-), 

^(kj,-) = Sjf(kj,-) 

(the solutions 4>{k, ■) and f(k, ■) are always proportional since 3m k > 0), then 

i 

In addition we define the Jost function F as F(k) — /(fc,0). From above we know 
that its zeros are exactly the eigenvalues (as we will see F is holomorphic on the 
half-plane and its zeros are simple). Now we claim that 

4£ 2 / . \ 2 

! = -«? (mi) ■ 

Indeed by differentiating with respect to k the equation 

-f"(k,x) - oj 2 Q(x)f(k,x) = k 2 f(k,x), 

the derivative (with respect to x) of the wronskian of f(k, •) and f(k, ■) = ^(k, ■) 
is 

W'[fj) = (f(k,x)f'{k,x)- f l (k,x)f(k 1 x))' 

= f(k,x)f(k,x)-f"(k,x)f(k,x) 
= -2kf 2 (k,x), 

which gives when k = kj 

f°° 2k 

F(k 3 )f'(k 3l Q) = -2k, f(kj,x)dx = ^, 

Jo Sj 

1 

C 2 

this proves the assertion. 



We see in addition (since < j]n < ■ ■ ■ < i]i < yQW) ) that < x + (i]i) < . . . < 
x+(ijn) and for all j = 1, . . . , N(oj), 

/>oo 

0+(Vj) <x+(r) N )+ / (Q(y))'dy 
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which gives from lemma mi 



t+iVj) — a w fe 2C=2-2) , 



then 



/ u 2 fcl X 

Sj < exp I aw fe 2 (fc2-2) j 



Since sj > 1 it is enough to estimate 



complete thanks to the following lemma. 



hence the proof of the proposition is 



Lemma 3.2. For all j = 1,..., N(ui) 

1 



< 



F(i£j) < a exp (bu 2 ) 



a exp(buj 2 ) 
Proof. First let consider the equation 

y" -Vy= -k 2 y 

where x > 0, V(x) = —lo 2 Q(x) and 3m k > 0. The Jost solution can be constructed 
by successive approximations by setting 

l7o(M)=e te , 

\Uk,x) = C s -^^V{t)f n - 1 {t)dt, n>l, 



which gives 



and F(k) = f(k,0) for the Jost function. We know (see |2j) that F is holomorphic 
on the half-plane {Sroi; > 0}, continue on {Smi; > 0}, vanishes exactly on the 
eigenvalues i£j and converges to 1 at infinity. Moreover there is the following 
estimate : Va;, k, 



\f n (k,x)\ < exp(— Qmkx) 



1 



2y/2t 

T+Wt 



\V(t)\dt 



then for all k 



\F(k)\ < sup|/(jfc,x)| < exp ( 2V2 uj 2 j 

xGR V JO 



t\Q{t)\dt 



exp ( auj 



For all i£j one has by the Cauchy formula on a small disc D(i^j , e) which is contained 
on the domain of holomorphy of F, 













-1 

2m J lk _ if .\ =e 



F(k) 



rdk 



< 



\F\\ 



One can choose e = with £1 = uitjn being the smallest eigenvalue (which is > 
by lemma I^TTft . then for all j = 1, ... , N(u) 



< buj c exp (aco 2 ) < b' exp (a'J 2 



and this proves the upper estimate. 
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For the lower estimate we set 



F(k) 



F(k) 



11/=1 fc+if, 



which is as well continue on the closed half-plane, holomorphic inside, converges to 
1 at infinity and docs not vanish. Moreover 



*«<> - s(n 



First we know that £j < £n < bu). Next in order to get a lower estimate of |£j — £j| 
(we could think that the distribution of the eigenvalues is asymptotically uniform), 
it is enough to show that 



Indeed one has 



and 



V j, I with 1 < j < I < N, rjj - m > . 



Vj-Vi > , min ( m - m+i) 

1<1<N—1 



x +(Vl) 



{Q(y) - V?+i)~ 2 dy - (Q(y)-Vi)~ 2 dy. 



x-(m) 



- = Hm+i) - *(»7i) 

'x-(?7l + i) 

On {x + (i]i),x + (i]i +1 )} (resp. [x-(r]i +1 ),X-{r]i)]) there is < Q(y) < then 

Q(y)-v?+i < vf-vf+i, 

and on [x- (rji), x+(r]i)] 

(Q(y) vf+iV (Q(y) vf) h < {vf - vf +1 )K 

therefore 

7T 11 

- < (m -vi+i) 2 (vi +vi+i) 2 ( x +(vi+i) -x-im+i)) 



< V2(r)i - rn+i) 2 (x+(m+i) - x-(m+i))- 



On the other side 



x +(vi+i) - x-(vi+i) < x +(vn) - X-(t]n) < auj b 



then 



m - vi+i > — 



a 
1? 



It follows that (since N(u) = 0(u>) ) 

6-6 



n 



6+6 



> 



(£) 



N-l 



> 



cxp(6"o) 2 ) 
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Now we have to get a lower estimate for 
zero one has for any R large enough : 



m 3 ) 



i 



i 



k 



-dk 



. Since F is holomorphic without 

iR 2 e 2W 



4t& F(i£j) 2vri yj_ R F(k){k - i^)(k + i^) 2 Jo F(Re i8 )(Re ie - i^)(Re ie + i^) 2 
which gives by taking limit (F(k) — > 1, k — > oo) 

1 _ r + °° k 

F(i£j) ~ 27r« J_„ W(lc\(h - if All /' i- 

thus 

1 /• 

<bu> | — — r^Tn — 

Jo 



-oo F(k)(k-i^)(k + i^y 

k 



dk 



m 3 ) 



\F(k)\\k-i^\\k + i^\ 



since V fc € 



F(fc) = |F(fc)| and F(-k) = F(k). 
In order to get a lower estimate of p^yy on ^ + we have to use the wronskian 
of f(k, •) and f(—k, •) which is constant and equal to — 2ik (it can be calculated by 
taking the limit at infinity since f'(k,x) ~ ike lkx ). In addition for all k > 0, it is 
equal to 



f(k, 0)f'(-k, 0) - f(-k, 0)f'(k, 0) = 2»3m ^F(k)f'(-k, 0) 
And by the integral equation of which f(k, •) is solution, 



f(k,x) = e ikx + 



f 

J X 



sinfc(a; — t) 
k 



V(t)f(k,t)dt, 



we can deduce by the estimation of the Jost solution from above that V k > 

/•OO 

|/'(M)| < k+ |cosfct||V(t)||/(M)|di 
Jo 



< Cuj 2 + uj 2 exp (aw 2 ) 

< C cxp (a'u 2 ) , 



|Q(t)|dt 



as well for f'(-k,0) = f'(k,0). Thus 

2k < 2|F(fc)|C exp(a'w 2 ) 

which gives 

r+oo k 



L 



o \F(k)\\k-i^\\k + i^ 



-dk 



= C'exp(a'w 2 ) / 
Jo 



-dk 



< C'exp( a '. 2 )^+y i JL 

< C"w fc exp(a'w 2 ) . 



rffc 



At last 



1 



< C"to b ' exp (a"w 2 ) < a exp (f3to 2 ) 



m 3 ) 

and the proof is complete. 



V 
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Remark 3.1. The constants a,b,c,a, /?, 7 which appear in the statement of the 
proposition only depend on any compact Ag 9 Q : indeed their depend on Q(0), f£°{l- 
t)\/Q{t)dt and a, k%, &2 (to assume that ^-jpf < < ). This will be uscfull 
to section |SJ 

In addition when we assume that k\ = ki = k there is for all j = 1, . . . , N(u>), 



and 



, „ a a 

buj > > a;^^- > - 

Ujk-2 u> 



1 C 2 

< -f- < a exp (/3a 



a exp (/3a; 2 ) Cj 
Before ending let consider two different examples 
Example 3.1. Let be 

Qi(x) = 



1 



(l + .x 2 ) 2 ' 



Qi is even and satisfies the conditions of vrovosition T3~l\ By WKB method there 
is (with uj > 10) : 

"1" 



There is x+irj) = — X—(r)) = <J 



— — 1 ano 



then Vn with 1 < n < N, 



TT 2 1 vr 2 1 

256 a/ 16 o;^ 



7T 1 



256 w ~ s 

About the distribution of the eigenvalues one has 

1 

5a; 



£,n — C«-l ^ 



Zasi Vn wii/i 1 < n < N , 



1 < s n < exp ( — u> H — a; 

7T 2 



and 



next 



thus 



exp (2a; In 4a;) 



< 



n 



< 1 ; 



■fX^j) < ^rwexp (nV^uj 2 ) and — — < 2 22 a/ exp f ny/2 l 

v 1 mj) ' v 



45 a; 9 exp (26 a; 2 ) " C„ 



4f 2 

< Zsn < 22 a; 2 exp (15 a; 2 ) 
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vd x ) 



Example 3.2. Let be 

nM K sixe [0,1], 
10, si x > 1. 

The associate potential is a special case because it is discontinuous at x — 1. Then 
we calculate directly the estimations. 

The equation —y" — uo 2 y = \y with A = — £ 2 and < £ < u, has the following 
eigenf unctions 

/ITsin (vZ^e^) , ifxe [0,1], 
sin V^ 2 -£ 2 e" €a: , «/z > 1, 
where £ satisfies the equation 

£ sin y/oj 2 -£, 2 + V^ 2 - C 2 cos y/oj 2 - £ 2 = 0. (o) 
T/ie solutions y^ e C 1 (R + ) /wZ/iZZ i/ie conditions at and +00, and are normed : 

y 2 {x)dx = 1. 
First we fcnow t/iat £ = O(w)- ^4nd since 

Q = (^(o)) 2 = t!^ 2 -^< 

£/iere is 

4£ 2 2£(£ + 1) 



c« ^ 2 - £ 2 

About the first estimation we find as well < < 220 : indeed, if w > 10 and 
e = y^u; 2 — £ 2 < jq, the equation (o) becomes 

\/ u 2 — e 2 sin e + e cose > 10 e > 0. 
It follows that e must be > then 

[W 
^ - V ioo 

However the lower estimate of need an analogous estimate for £ w/iic/i is in 
general false since the first eigenvalue £i cannot be low bounded by orexp(— aw'), 
necessary condition to get In = 0(iii h ). 

Indeed let fix for example loq large enough and = ^ (mod 27r), and consider the 
equation (o) wii/i respect to given by a smooth function g in a neighbourhood 

of(0,u>o). Since ||(0,Wo) = sinc^o = 1 an d ^j(0> w o) = — ^o? <™ application of the 
implicit functions theorem allows to consider the function w t— > w/iic/i Zias in 
a neighbourhood of luq the following expansion 

= wo(uj -u>o) + ((uj - w ) 2 ) . 

Then we see that for all uj such that < u — uj < T]( u o) with rj(u)o) small enough, 
one has 

< < 2 exp ( — - exp w 
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and it follows that for any u) large enough we cannot find a lower estimate for £ as 
we need. This accident arises from the fact that Q2 is not continuous at x = 1 . 

However if we set a condition for lu > 10 like 



LU — — + 7rZ 



1 



we see that for any £ with < £ < A, we get y/u) 2 — £ 2 — § + 7rZ 



> j~ then 



Hence £ > and 



£ sin v^ 2 - e + v 7 ^ 2 - C 2 cos v^ 2 - £ 2 
4£ 2 



> 



> 



1 



t/ien we ge£ as iueZ/ a stronger estimation for as 0(w 2 ). 



4. Some properties of the solution of a certain integral equation 
Consider for x, y € K + and u> e T4 7 = {!fte z > 0} 



®(x,y,w) 



sin fcx sin fcy 



— k 



2k 



dk 



and the integral equation with (x, y) € A = {0 < y < x} and w £ : 

(4.1) A(x,y,w)+ / A(x,s,to)$(s,y,iu)ds + $(x,y,w) = . 

Jo 

We want to prove in this section the following result : 

Proposition 4.1. The equation \4.1\ has an unique solution A(x,y,w) defined on 
A x W. It is continuous with respect to (x,y) and holomorphic with respect to w, 
and the application 

x h-v (y A(x, y, w) S L 2 ([0, x])) , 

is continuously differ entiable (with respect to the topology o/L 2 ([0,x]) ). 
Moreover there are the following estimations : for all X > 1 and w £ W , 



sup \A(x,y, w)\, sup 

y<x<X x<X 



dA 

dx 



(x,y,w) 



, sup 

M[0,x}) x < x 



dx 



A(x, x, w) 



<c(x)(i+\ w \r. 



( the exponent a does not depend on X) 



The proof consists on the following lemmas. We begin by proving these properties 
about $ : 

Lemma 4.1. The function $ is continuous with respect to (x,y) € M + x R + and 
holomorphic with respect to w € W . For all X > the application 

x»$(x,y,w)eL 2 y ([0,X]) 

is continuously differ entiable and there are the following estimates : 

5$, 



sup \®{x,y,w)\, sup 

x,ye[0,X] x<X 



dx 



{x,y,w, 



m\o,x]) 



<c(x)(i + \w\r. 
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Moreover the restriction 

x i ► $(x, x, w) 

is continuously differ entiable (in the usual sense) and there is the following esti- 
mate : 

d 



sup 

x<X 



— ^(x, x, w) 
dx 



<c(x)(i + \w\r. 

(in all the cases the exponent a does not depend on X) 

Proof. First $ is well-defined since the integral is absolutely convergent : 



$(x,y,w) = 



sin kx sin ky 



2k 



dk, 



k k k + \Jk 2 + w 7f 

where we have chosen the principal determination of s/z. $ is holomorphic with 
respect to w and for all X > 1 

\m-,w)\u x <c(x)\w\. 



Next, we have to prove the differentiability of x i— > $(x, -, w) : 

( f 1 f°°\ sin kx sin ky w 2k „ 

${x,y,w)=( + / — — rife, 

\Ja Ji J k k k + \/k 2 +w 7T 

and 

9 f 1 sinfcxsin/cy / /— ; \ 2fc f 1 sinfcy / /— 5 \ 2fc 

— — / — : : — — dk — I cosfcx — - — ( y k z + w — k) — dk, 

ox J k k \ / -it J k \ / -it 

which is continuous with respect to (x, y) in the usual sense (then in the space 
Ly([0,X}) too, with polynomial estimation with respect to w). 



On the other hand 
f°° sinfcx sin ky w 2k ^ w f°° cos k(x — y) — cos k(x + y) 

J l k k k + Vfc 2 + W 7T 7T J l 



dk. 



k(k + Vk 2 + w) 

Now let consider the integral with cosfc(x — y) : by integrating by parts we get 



C osk{x-y) dk = sin (x-y) 1 f°° sinfc(x -y) 2 + ^ ^ ^ /TT ^ i/ ; 



1 k (k + Vk 2 + w) x-y 1 + + w J 1 x-y k 3 (l + + 

The first term is clearly continuously diffcrcntiablc with respect to (x, y) with 

derivatives of polynomial kind with respect to w. Now assume that x > y and 
differentiate under the integral to get 

2 + v/T+f 1 



. 2 



k(x — y) cosfc(x — y) — sinfc(x — y) V fe ^J l +fi „ 

" (In 



( x -y) 2 fc 3(i + v /TT^) 2 

(/>f) 



fccos/c-sinfc 2 + V 71 + £ ( x vf+ (x _„ )2 
- - 1 — dk. 



*-» ^ ^ fc3 (i + v /i + t^-y) 2 ) 2 

The first integral is clearly continuous with respect to (x, y) since it is an absolutely 
convergent integral of a continuous function, and can be extended to y < x. The 
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second is even an absolutely convergent integral (since x < X) of a continuous func- 
tion which can be extended to y < x. Moreover the derivative is still of polynomial 
kind with respect to w. 

Now if x < y the derivative of the integral is 



k cos k — sin k 
P 



dk, 



(i + yr+|F^) 

which is continuous with respect to (a;, y) with continuous extension on {x < y} 
(and of polynomial kind with respect to w). 

In the same way the integral with cosfc(x + y) is 



cosfc(x + y) 



-dk = - 



sin (x + y) 



i k (k + Vk 2 + w) x + y 1 + VI + w 

and the derivative of the second integral is 

fcCQSfc-sinfc 2 + V 71 + + + y/l+^x+y) 



x + y k 3(i + ^T+$y 



-dk, 



f + f 

J x+y Jl 



k 3 



(i + ^i + ^(x + y ) 2 y 



-dk, 



which is continuous on R + x R + and of polynomial kind with respect to w. 

Notice that §^ does not exist on {x = y} since the limits from each side are 



dx 

different : indeed 



k cos k — sin k 



fc 3 



<9$ <9$ f c 

lim ——(x,y,w) — lim — — (x,y,w)=2 I 

Nevertheless the application 

is continuously diffcrentiable : 

$(z + ft, y, w) - $(x, y, w) <9$ , 

n OX Ll([0,X]) 

$(x + h,y,w)-®(x,y,w) <93> , 



-dk ^ 0. 



y=tx 



h 



dy, 



and for all y ^ x 



$(x + ft, y, w) - y, u>) 



9$ 

ft /i^o dm 

9$ 



(z,y,w), 



with domination in L^([0, X]) (since ^ can be continuously extended on {x > y} 
and {x < y} although the limits do not coincide) then 



$(x + h,y,w)-$(x,y,w) 5$, , 
h 



0. 



By the same argument one proves that the derivative is continuous : 



/ 

Jy^x 



<9<3>. , , <95> , 
— (x + h,y,w) - —{x,y,w) 



dy 



0. 



At last swp x<x \\%-(x,y,w) 



is of polynomial kind with respect to w. 
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Now we have to prove the last assertion : for all x > 



2w r°° sin 2 kx 



<&(x,x,w) = — / — ; . dk 

tt Jo fc(fc + VFT^) 

2wx f°° sin 2 k 

-dk 



t Jo k (k + \Jk 2 + wx 2 ) 
(the equality is still true for x = 0). One can differentiate under the integral to get 



efe ' ' 7T Jo fe (fc + VA: 2 + wx 2 ) 

2w 2 x 2 f 00 sin 2 /c 



rdk, 



k\Jk 2 + wx 2 (k + \Jk 2 + wx 2 ) 
which is continuous with respect to x > and the estimate follows. 

V 

Next we prove the existence and uniqueness of the solution A : 

Lemma 4.2. For all x > and w € W the equation \4-l\ has an unique solution 
A(x, y, w) for almost all y < x. Moreover A(x, y, w) is holomorphic with respect to 
w as a vector-valued function in L 2 ([0,x]). 

Proof. First x and w being fixed, consider the complex Hilbert space £ 2 ([0, x]) with 
the associate inner product 



<f,9>= / f(s)g(s)ds. 
Jo 

The resolution of eauation k.ll is equivalent to research the solutions h(y) € L 2 ([0, x]) 
such that 

[(Id + K x , w )(h)\ (y) = -$(x,y,w), 

where K x>w is the integral operator of L 2 ([0, x]) : ft. i— * J Q X h(s)$(s, y, w)ds (K X}W is 
effectively an operator since by lemma ll~T1 $ is continuous). 

Next the operator K x w being defined by $ (which is continuous with respect to 
y and holomorphic with respect to w) is compact and holomorphic (in the Banach 
space of operators £l 2 ([o,x]) with the associate norm) on the domain W. By the 
analytic Fredholm theorem (see ^01)) either (Id + -fCr.u-) 1 exists for no w € W, 
or (Id + -fCr,™) -1 exists and is holomorphic on W \ S, where S is a discret subset 
of W ; in this case for all w € S the equation (Id + K x ^ w )(h) — has a nonzero 
solution in L 2 ([0,x]). 

The first case is not possible since for w small enough Q(x, w) is small enough 
for all x, y G [0, X] (see the beginning of the proof of lemma l4.1|) . then (Id+Kx^) -1 
can be constructed by successive approximations. In fact the inverse operator exists 
for all w € W since ker(/c? + K x . w ) — {0}. Indeed let be h S L 2 ([0,x]) such that 
(for almost all y S [0,x]) 

h(y) + / h(s)$(s,y,w)ds = 0. 
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Since 



5ie < h, / h(s)$(s,-,w)ds > = Ue h(y)dy / h(s)ds 



sin ks sin ky 



k 



\fk 2 



2k 



w — k) — dk 

7T 



> 
.> I) 



( Vk 2 + » 



ew — k 







) 2 ±dk 




/ 7T 












/ 7T 





Ky) 



sin 



Hy)^r^-dy 



(the permutation of integrals is possible because h £ _L 2 ([0,x]) c L 1 ([0,a;]) ), it 
follows that 







> 



$le[<h,h+ I h(s)$(s,-,w)ds > 
\h(y)\ 2 dy 



thus h = 0. The operator (Jo? + K x>w )~ l exists for all w £ W and is holomorphic 
on W as an operator- valued of L 2 ([Q,x]). 

It follows that the equation 14.11 has an unique solution A(x, -,w) £ L 2 ([0,x]) 
given by 

A(x,-,w) = (Id + K XjW )- 1 (~^(x,-,w)), 
equality being considered in the space L 2 ([0, x]) then for almost all y £ [0, x]. At last 
A(x, -,w) is holomorphic as a vector-valued function in L 2 ([0, x]) since (Id+K XjW )~ x 
is a holomorphic operator, and — <f>(x, y, w) is holomorphic on the usual sense then 
even on the space L 2 ([0, x}). 

V 

Before proving the regularity of A wc need the following lemmas : 

Lemma 4.3. Fix x Q £ [0, X] and a neighbourhood Vq of Xq, and consider the 
operator L XQW = (Id + K xoW ) . Then for all continuous function f(x,y) on 
Vo x [0, X] such that the application 

x£ V » f(x,y)eL 2 y ([0,X}) 

is continuously differentiable, the image L XOtW (f(x, •)) satisfies the same properties 
as f and 



d 

~q^L Xq w (f (x , •)) — L X(j W 
Moreover there are the following estimates : 



df 

dx 



sup \L Xo<w (f(x,-)(y)\ < (1 + a; ||*(-,'U;)||oo||ia:o,«>]U 2 ([0, a :o])) 11/11 
xeV ,y<X 



and 

sup 

xeVo 



■7^L XOtW (f(x,-))(y) 



< (l + X||$(-,w)|| 00 ||L :Eo ,„,|| L 2 ([0 . :Eo]) ) sup 

Lg([0,X]) »6V 



df, , 

Tx M 



L2([0,X]) 



Proof. First the element L X()tW (f(x, ■)) is well-defined, and since f(x,-) = (Id 
(f(x, •)) (equality in L 2 ([0, x ]) ) then for almost all y £ [0, x ] 



L X0 , w (f(x, -))(y) = f(x,y) 



Lx ,w(f(x, -))(s)®(s,y,w)ds. 
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The integral does not depend on the choice of the representant of L Xo . w (f(x, •)) 
and gives a continuous function with respect to y. Since the right member is still 
defined for y £ [0, X] it follows that the representant of L XOiW (f(x, •)) can be chosen 
as a continuous function wich can be extended on [0, X] (and the equality will be 
true for all y £ [0,X] ). 

Since / is continuous with respect to (a;, y) the application x ^ f(x, •) £ 
Ly([0 7 x o ]) is continuous, so is L XOiW (f(x,-)). It follows that the above integral 
is continuous with respect to (x,y) £ Vb x [0, X], as the function L Xg}W (f(x, -))(y), 
and using the Cauchy-Schwarz inequality : 

\L XQ!W {f(x,-)(y)\ < |/(x,y)| + ||L Ko , ro || L 2 ([0jXo]) ||/(s,s)|| i 2 ([0 ^ o]) ||$(s,y,w)|| i 2 ([0 ^ o]) , 
then 

\\L XOiW (f(x, -)(y)\\oo < ll/lloo + ||Lxo,« J |U 2 ([o,x ])\/^oll/llcx>\/^oll $ (- 5 ' u; )IU, 
which proves the first estimate. 



Next, the application x t— > /(a;, •) e Z^([0,X]) being continuously differentiable 
and L XOiW an operator of L 2 ([0, aio]), it follows that the application 

x ' ^ L XOiW (f(x, •)) e i^([0, a? ]) 
is continuously differentiable too and 



_9_ 

9a; 



df 
dx 



(*>■) 



In order to extend the property on [0, X] one can differentiate (in i^([0, a; ]) ) the 
above formula to get 



l xo , w (go*,-)) (y) = f x ^y)-j o L *o,™ (§£(*>■)) «*(«> 



y,w)ds, 



which is still well-defined if y € [0, X] and gives a function in L 2 , ([0, X]) continuous 
with respect to x £ Vq. 

At last the second estimate follows since for all x £ Vq, 



d 



< 



df 



+ 



dx 
L 



{x,y) 



L 2 y ({0,X]) 

df 



dx 



(*>■) (*) 



mio,x ]) 



\®(s,y,w)\\L*([0,x o ]x[0,X]) 



< 



df, . 
Tx^ 



Ll([0,X]) 



+ \\ L x ,w\\l 2 ([0,x o ]) 



dx 



(x,s) 



yfeX\\*(;w)\U 

V 



Lemma 4.4. The assertion is still true if we consider the operator H XtX(JtW defined 
by 

H x , Xo , w : f(x, •) ^y £ [0,X] ^ J f(x,s)$(s,y,w)ds 
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with derivative 



3 f 

x e Vq h-> f(x,x)$(x,y,w) + I — (x,s)$(s,y,w)ds 



■I'D 



dx 



and the following estimates (take Vq — [xq — n, xq + 77] ) : 



sup \H X 

(f(x,-))(y)\ < »?||*(-,tu)||oo||/||oo, 

xGV ,y<X 



and 



sup 



-Q-H XtXOtW (f(x,-))(y) 



< vOq$(-, w )iumi 



■y/rj\/X\\<b{-,w)\\ao sup 



dx 



(x,s) 



Li([0,X}) 



Proof. First the function H x ^ XOyW (f(x, -))(y) is clearly continuous on Vq x [0, X] and 
the first estimation follows. 

Next we will prove a stronger result : the application x i— > Hx,x ,w{f{x,-) € 
C°([0, X]) is continuously differentiable (i.e. with respect to the uniform topology). 
Indeed for all x € Vq and ye [0, X] 



A 

Ax 



/(x, s)$(s, y, w)ds - /(x, y, w) 



dx 



(x, s) < I ) (s, y, w)ds 



< 



< 



1 


px-\-h 


h 


■J X 






+- 


/"(■ 

■'10 \ 



/(x + ft, s)$(s, y, u;)ds - /(a;, x)$(x, y, u>) 
/(a; + h, s) - f(x, s) df 



h gx (x,s) j <^(s,y,w)ds 

< \\f(x + h, s)$(s,y,w) - f(x,x)^(x,y,w)\\ 00yS< z[ X}X+h ] 



f(x + h,s) - f(x,s) df 

r Tr-(a;,s) 

h ox 



l*(s,y,w)|| L 2 ([0:X]) , 



which tends to uniformly on y € [0, X] (by uniform continuity of / and <3?, see 
lemma l^Tjl . Since the application x 1— » (x, s) S £^([0, X]) is continuous, it follows 
that the derivative 

xeVoH f(x,x)9(x,y)+J* ^(x,s)$(s,y)ds G C°([0,X]) 

is continuous, and the second estimate can be deduced : for all x € Vq, 
d 



dx 



■ XQ ,W (fix, -my) 



L 2 y ([0,X]) 



< VX\f(x,x)\\\<S>(x,;w)\\ 



df, , 



y/\x-Xo\\\®{;w)\\<i 



V 



Now the regularity of A can be proved 
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Lemma 4.5. The function A(x,y,w) is continuous with respect to (x,y) £ A, 
holomorphic with respect to W € W (in the usual sense) and such that the appli- 
cation x i — ► A(x,y,w) £ Ly([0, x}) is continuously differentiate. Particularly the 
equation \4-l\ is satisfied for all (x,y) € A and w £ W (and not only for almost 
y < x). 

Proof. The regularity being a local property, let fix xq £ R + and a neighbourhood 
Vq = [xq — rj,xo + rj\. For all x £ Vq and almost y with < y < x, the equation 14.11 
is equivalent to 

(Id + K x<w )(A(x, w))(y) = -$(x, y, w). 

Writing K x<w = K xo<w + (K x<w - K Xo<w ) = K XQiW + H x<XOiW and applying L Xo>w (by 
lemma FOll . the equation becomes 

A(x,y,w) + [L 

Xq,W 

o H x }(A(x,-,w))(y) =L 

Now we can solve this integral equation by successive approximations by setting 
for x £ Vo : 

j Ao(x,y,w) = -L XOtW ($(x, -,w))(y), 

\A n+1 (x,y,w) = -[L X0;W o H X!X0:W ](A n (x, -,w))(y), for all n > 0. 

Assume that the function A(x, y, w) := X)n>o A n {x, y, w) is well-defined and contin- 
uous for all x—xo small enough with x < X and y < X (X being fixed) and such that 
x i—* A(x,y,w) £ L y ([0,X]) is continuously differentiable. Then by uniqueness of 
the solution of equation |4.1l it will follow that x i— > A(x, y, w) € L y ([0, x]) is continu- 
ously differentiable : for all x , A(x, y, w) can be extended on [xq — n, x + r/] x [0, X] 
by a continuously differentiable function (which can depend on xq). Moreover the 
equation 14.11 will be true for all (a;, y, w) and A holomorphic in the usual sense 
(indeed, by using the Cauchy formula in L y ([0, X]), there is equality for almost all 
y of continuous functions with respect to y). 

First we claim that for all n > 0, A n {x, y, w) is continuous on Vq x [0,X] and 
such that the application x € Vo i— > A n (x,y, w) £ L y ([ 0, X]) is continuously differ- 
entiable. This is true for n = : indeed, by lemma l4Tl t,hese properties are satisfied 
by <f>, and by lemma 1431 this is still true for Aq(x, y, w). 

Now if the property is true with A n , by lemmas 14.31 and 14.41 it is still true with 
A n+1 (x,y,w) = -[L Xo>w o H XtXo , w ](A n (x, -,w))(y). 

Next, in order to prove that A is continuous on Vo x [0, X] and x € Vq i— > 
A(x,y,w) £ Ly([Q,X]) is continuously differentiable, it is sufficient to prove that 
the following power series 

||Ai(-) w)||oo and ^ SU P 

n>0 



[x,y,w] 



dx 

are convergent. For all n > 0, by lemmas [4.31 and l4~4l 

w)||oo < (1 + £o||$(^HIIoo||A Co ,™IU 2 ao,xo])) SU P \H x , Xo , w (A n (x,-,w))(y)\ 

x<£V ,y<X 



< 



V (l + So||$(^w)||c»||Aco,ij£ 2 ([0,a:o])) l! $ (-,w)|| 00 P„(-,w)|| 



< \\A n (;w) 
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for n small enough (and depending on xq, X, w). It follows that for all n > 

II A I Ml ^ Po(-> w )ll°° 
||A„(-,uO||oo < ^ 

and the convergence of the first power serie is proved. 

Now by lemmas 14.31 and 14.41 for all n > 2 and uniformly on x € Vq , 



dA n+ i 



Ox 



(x,y,w) 



< 



L 2 J[0,X]) 



(l + X||$(-,t«)|| 00 ||£ XOi , 1) || i 2( [ 0,xo])) 



i?([0,X]) 



< (l + X||$(., w )|| co ||L ;Co , tu || i2([0iXo]) )v / X||$(., w )|| 



x ||A»(-, w)||oo + v 7 ^ SU P 



dx 



■(x,y,w) 



Liao.x}), 



Set 



' (X,x ,w) = max|||Ao(-,w)|| 00 , Vx\\®(-, w)||oo (l + w)|| oo ||L ;E0 , lo || i 2 ( [ 0:X0 ] ) ) | 

assume that < \ and choose an integer N = N a (X, x ,w) such that for all 
n > N 

n+l T 1 - - °°- 

— + 2^ 

Let consider a constant Ci = Ci(X, xo, w) large enough such that 

dA No 



C\ > max C , 2^° sup 

Then ones proves that for all n > No 

dA n 

■(x,y,w) 



dx 



sup 



Ox 



<Ci 



L 2 v ([0,X])_ 

n + l 
2™ ' 



£S([o,*]) 

By construction it is true for n = No- Assume that it is true for n then from above 

[yjgllbs < Qs. 

dA n+1 



(and since || A n (-, w)\\oo < l|A ° ( ;r )l|o ° < Q ) it follows that 



sup 

xev 



dx 



-(x,y,w / 



Ll([0,X]) 



(Co d n + l 
f I 4^ + T "2^ 



< C x 



n + 2 



by construction of Nq. 

The recurrence is proved and it follows that the power serie 

dA n , 



E 

n>0 



sup 

xev 



dx 



{x,y,w / 



Ll(%X}) 



is convergent and the proof is complete. 
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Before proving the estimates of A we need the following lemma which is the 
continuity of the inverse integral operator : 
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Lemma 4.6. For all x > and w G W, for all h G £ 2 ([0, x\), 



\l*{[q,x])< h (y)+l h(s)$(s,y,w)ds 

Proof. First 

h(y)+ [ h(s)<£(s,y lW )ds 
Jq 

and it has been proved (see proof of lemma FO|> that for all w G W, 



mio,x]) 



> / \h(y)\ 2 dy+2Vte / h(y)dy \ h( S )<S>(s,y,w)ds, 

Ll([0,x}) JO 



!fte / h(y)dy / h(s)<&(s, y, w)ds > 0, 



the inequality follows. 



The proof of proposition 14. II can be complete thanks to the last lemma 



Lemma 4.7. The function A(x,y,w) is of poynomial kind with respect to w : for 
all X > 1 and w G W, 



sup \A(x,y,w)\, sup 

y<x<X y<x<X 

(a does not depend on X) 



dA 



, sup 

£g([0,X|) 



— — A(x, x, w) 
ax 



<c(x)(i+\ w \r 



Proof. During the proof we will use the same notation for different constants C'(X) 
and a. 

First by definition of A and lemma 1431 



\A(x,y,w)\\ L 2 i[0tX]) 



< 



A(x,y,w)+ / A{x, s, w)Q(s, y, w)di 



l 2 v {[o,x]) 



= \\$(x,y,w)\\ L 2( [0tX] -) 

< VS||*(-,*w)||oo 

< c(x)(i + \w\r, 

the last inequality coming from lemma FTTI It follows that for all < y < x < X 



\A(x,y,w)\ 



A(x, s, w)&(s, y, w)ds + y, w) 



< \\A(x,s,w)\\ L 2^ ^\\^(s,y,w)\\ L 2^ ,x]) + 



thus 



||A(.,t«)|| 00 <C(X)(1 + M)« i 
this proves the first estimate. 

Next by differentiating the equation 14. II with respect to x (which is possible by 
lemma l4~5)l we get for all x < X 



0A ( 

dx 



dA 



d<S> 



(x,y,w)+ / — — (x, s, w)G>(s, y, w)ds + A(x, x, w)G>(x, y, w) + — — (x, y, w) = 0, 



Ox 



dx 
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thus by lemma FOl 
dA 

and by lemma FTTI 



< 



Ll([0M) 



d$ 

A(x,x,w)$(x,y,w) + —(x,y,w) 



sup 

x<X 



dA 
dx 



(x,y,w) 



<c(x)(i + \w\r. 



In order to prove the last estimate, take y = x in the equation 14. II and differen- 
tiate (which is possible since by lemmas [4. II ^| exist in L?([0, X]) ) to get 

d \ [ x dA l 

—A(x,x,w) + / -r— (x, s, w)9(s, x, w)ds 
dx J Q ox 

f x <9$ d 

+A(x, x, w)$>(x, x, w) + / A(x, s, w)— — (x, s, w)ds + — &(x, x, w) = 0, 
Jo ox dx 

since $(a;, s, w) = <i>(s, x, w). It follows that for all x < X 



dx 



A(x, x, w] 



< \A(x, x, w)&(x, x, w)\ 



dA 
dx 



(x,s,w) 



Lt([0,x]) 



\$>{s,x,w)\\ L2J[0x]) 



+ \\A(x,s,w)\\ 



if([0, a ]) 



dx 



(s,x,w) 



dx 



x, w) 



thus by lemma FOl and from above 

d 



sup 

x<X 



dx 



A(x, x, w) 



<c(x)(i + \w\y 



At last the exponent a does not depend on X since it is true with $ (see 
lemma l4~TTl . 

V 



5. Applications in Sturm-Liouville inverse problems 

5.1. Some reminds and motivation of the problem. We consider here the 
equation on the half-axis R + 

~y"(x)-to 2 Q(x) = Xy(x), 

with the following hypothesis : Q is strictly positive and strictly decreasing, inte- 
grable with m + 1 locally integrable derivatives which are polynomially decreasing 
at infinity. Then we know that there are N(uj) (of order uj) eigenvalues Xj = 
with N(u>) L 2 -normed eigenfunctions 4>j which satisfy (j>j(0) = 0. 

Here we deal with an inverse problem : if for any uj large enough we know the 
N(ui) eigenvalues ^- and characteristic values 

j = 1, . . . , N(u>), we have to get back the potential —uj 2 Q on R + . More generally 
the aim of inverse theory is to reconstruct Q from informations of its solutions : 
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we principally deal with the case where these informations are given by the Weyl 
function defined for 3m k > as 

**> = TOP 

(p(0,k) 

with (j> a L 2 -integrable solution (and A = k 2 ). We know that it is a meromorphic 
function on the half-plane of which the poles are exactly the eigenvalues i£j and 
the residues are (modulo multiplication by 2i£j) the characteristic values Cj. Thus 
we can determine the spectral measure cr(dr) of the potential —lo 2 Q : 



a{dr) 



CT+(dr), r > 0, 

where cr + is a positive measure with a density function and 5 the Dirac measure. 
Thanks to the works of Gelfand and Levitan we can reconstruct Q. 

Here we assume that we only know the parameters £j , Cj and the first derivatives 
of Q at 0. By the result of G. Henkin and N. Novikova in [5] (theorem 1, p. 21), 
one can approach Q uniformly on any [0, X], with precision of order 

1 

by a function arising from the potential qu(x) = — u Q u (x) associate to the 
explicit spectral measure a w (dr) constructed with the Cj and Q^(0) for s — 
0, . . . , m (see 0). 

For m = 1 there is an explicit potential g° = — w 2 Q° defined by (cf P- 23) 

Ql( x ) = ^^ln|det^ s . r (x)|, 
w z ax 

where 

W..^^-^ (i-« -ir) __^ ^ ^- _j, 

s, r = 1, . . . , N(u>). There is uniformly on any [0, X] 

In lu 



Q(y)dy- / Ql{x) 



n 



= o 



(but the precision could be better than we think that it should be of order 

It has been conjectured in p. 22 that such a formula with 2N(u>) parameters 
(the £j and Cj) could not uniformly approach a function in general position with m 
bounded derivatives (i.e. the compact set A m ) better than of order -4^. Otherwise 
we have a natural question : can we find, or at least prove the existence of a formula 
which would get a better approximation ? 

By assuming that such a formula can be written as an analytic function with 
respect to the parameters £j, Cj (and Q^ s '(0), s = 0, . . . , m), and relating with the 
negatives results which are given in[3 we are going to give lower bounds for such ap- 
proximations in order to get the two following results about the best reconstruction 
of potentials (theorems 15.11 and I5.2|l . 

If p is an integer, Q p will mean the class of functions Q which are defined on 
R + , strictly positive, strictly decreasing with p locally integrable derivatives which 
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vanish at 0, and with polynomially behavior at infinity as well as its derivatives. The 
set Ag p will mean any compact set of Q p such that Aq p |j ^ is of kind A p ([0, 1]) and 

for any Q € Ag p the parameters /q°°(1 + t)y/ Q(t)dt and a, k are bounded (where 
a TTxk — Q( x ) — i+x k )■ ^ f° uows that the constants which appear to estimate the 
eigenvalues and the characteristic values of Sturm-Liouville operator, only depend 
on Ag p (see remark IXT|) . 

5.2. Result on the case with 2 derivatives. As application of our negative 
results on approximation theory (corollarv l2.3fl and positive results above (see 
we will obtain the following theorem : 

Theorem 5.1. Let consider Qi and Ag 2 , and for any u large enough andQ € Aq 2 
the Sturm-Liouville operators — zj^z — oj 2 Q- 

For any N with a\UJ < N < a-iuj, let ip(x,(^) be a function defined onlx C N , 
of class C 1 with respect to x and which satisfies the conditions of corollary on 
any [0, AT] (with respect to u>). At last let b(u>) > be a constant such that b(u>) and 
j^-y are polynomial at us. 

Then the approximation of 



^ A Q2 := 1 1 x ^ Q(t)dtj , Q S A Q2 

uniformly on any [0, X] with X > 1, by the family 
1 f 1 dip 



b(uj) \ip dx 

when lo — > oo, cannot be better than of order of 

1 



(x,0 \,Q=0(u r ),Vj = l,...,N 



{to In lu) 3 

In addition we have got an approximation formula such that if N(u>) is the num- 
ber of eigenvalues £j and characteristic values Cj of the operator — zj^i — u 2 Q and 

with 

W Str (x, C) = — — : (1 - <S s ,r) -T— Z <V (2x - exp (Cr+N(uj) ) ) . 

S>r ~r <,s {,r 

s, r = 1, . . . , N(ll>), then the family {jJt^H"} approximates the compact set J Q Aq 2 
at least with the precision of order . 

Moreover Q being given, such an element C(Q) can be chosen as 

4£ 2 (Q) 

Q(Q) = and ( j+N{u>) (Q) = ln c^gy' 3 = 1,~ .,N(u). 

There is no analytic formula which can approximate any given potential (with 
2 derivatives) with a better precision than of order ^ i^jp ■ The explicit approxi- 
mating formula given by Gelfand-Levitan-Jost-Kohn gives a positive result with a 
precision of order (at least) ^= (as we already indicated we think that it should be of 

order -\ ). We know the negative result for a polynomial family (see ^J, \T2\, [7j), 
so it is natural to wonder what will happen if we consider a nonlinear family with 
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to parameters in order to get a better approximation. This negative result gives an 
answer to the question asked in 0, p. 22. 

On the other side it is interesting to see that the explicit formula in the positive 
result has not been specially constructed in the sense of abstract approximation 
theory but it comes from mathematical physics. 

Proof. First from definition of Ag 2 the restriction on [0, 1] of any Q is in (a homo- 
thetic of) A 2 ([0, 1]), and conversely let h € A 2 ([0, 1]) be strictly positive, strictly 
decreasing with h'(0) = h"(0) = 0, it can be extended on R + to a function Qh 
(then a potential —uj 2 Qh) such that Qh £ Aq 2 . 

One can apply the corollarv l2.3l ffor m — 2) with ip and Ag 2 since N and u> have 
same order, and there is a potential —u> 2 Qh, Qh > 0, such that J Qh cannot be 

closer to j 5^|§f (•, C)} on [0, 1], than (Nl f iNyi for all ( of polynomial size at u, 

thus of order j- ^ u yi on any [0, AT]. 

Now notice that for any Q S Ag 2 the choice of Nq(uj) is possible to get since 
there are constants b\ and bi (depending only on Ag 2 ) such that for all Q 

b\uj < Nq{w) < biio. 

Indeed Q being decreasing, there are the bounds of Calogero (see PP, JUj) : 

1 2a; f°° 

Q(x)dx --< N(oj) < — / \jQ(x)dx 



TrVQifyJo 2 " 7T J 

with Q in a compact subset. 

Next the function ^> fulfills the conditions of corollarv l2.2l Indeed it is a function 
with 2N(u>) parameters (N(u>) and u> being of same order) and entire of exponential 
kind : 

it is true with sh ^^M x orL an y [Q ; X] then as well as W s , r and each product of 
the determinant : 



II 



<d(X) N M exp(C 2 (X)||C||i). 



Since the number of these products is N(w)\ = O (exp (A^(w) 2 )), one gets an esti- 
mate of ^ as O (exp (aw*)). 

One can deduce the estimates of ^ since '3/ is as well entire (and of exponential 
kind) with respect to the variable x. The Cauchy formula applied on the disc 
-D(0, X + 1) and the above estimation give the same upper estimate about ^ on 
any [0, X] and for all C £ C 2N ^\ 

On the other side 

_ 1 N( - Uj) 

det (W., r ) (0)^ = - J] ex P (-Cy(a,)+i) < exp(HClli) = O (>"") . 
4=1 

And the choice of the valuations 

G(Q) = & (-^ 2 Q) and Ci+JV( W )(Q) = ^ 7^ (-^ 2 Q) , J = 1, • • • , ^(w), 
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is possible to get since Q G Ag 2 satisfies the conditions of proposition : it follows 
that £j (— lu 2 Q) — 0(u>) and 

^-r < ^ (~^ 2 Q) < aexp(/fc/0 

aexp(/5w 7 ) Gj v ' 

then In (— w 2 Q) = O (w 7 ) (and notice that by remark mi the constants depend 
only on Ag 2 ). 

At last this choice of C(Q) gives the effective approximation of all J Q Q on any 
[0, AT] with precision of order of ^= : indeed this is an application of the theorem 2 
given in p. 22, which claims that uniformly on any [0, X], 



Q(y)dy 



i i a* 

lu 2 *f?(x) dx 



(*,C(Q)) 



Q(y)dy 



dx 



2 \n\*(y,((Q))\dy 



Q(y)dy-2 / Q°(y)dy 



= O 



In w 



The conditions of regularity about Q are fulfilled in order to apply the theorem : 
Q is strictly positive (as well lower bounded by a constant only depending on the 
compact Ag 2 ) and in (a homothetic of) A2 : this condition can replace the bounded 
number of intervals of monotonicity on ]R + of Q and its derivatives. 

V 

5.3. Result on the case with m + 1 derivatives. Now if we consider the case 
with Qm+i of potentials with m+1 locally integrable derivatives which all vanish at 
0, we can give a spectral measure a ul (dr) close to the one associate to the operator 
uj 2 Q. It has the following form : 



dx 2 



(dr) 



_ n^/ T + u; 2 Q(0), T>0, 



Efir^r+a, r <0. 



Let be for (x, y) G A = {0 < y < x} 



sm(xy/r) sin^z-y/r) ui 2 Q(0) dr 



(absolutely convergent integral for all x, y) and consider the kernel A[x, y) solution 
of the integral equation 

A(x, y) + 



A(x, s)$(s, y)ds + ®(x, y) = . 



At last let be the following potential : 

d d 2 
qM) = 2— A{x, x) - 2— In I det T(x)| 
ax ax* 

where T(x) is the matrix of order N(uj) (see |||) : 



sh(£jt)+ / A{t,s)sh(^js)d8 ) (s/z(£ fe £) + / A(t, s)sh(£ k s)ds ) eft 



3(5 
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Then ( [5], theoreme 1 p. 21) the function Q u — — % approximates all Q uniformly 
on any [0, X] with precision of order (at least) of (and the precision should as 
well be better, of order of J + i ). 



As we see, Q u can be written as an analytic function Qu(C, w ) with £ € C 2JV 
and w £ W = {die z > 0} (u> replaces the variable lu 2 Q(0) ). More precisely 

~ 2 ( dA d 2 ~ \ 

Q u (x,(, w) = — I - — (x,x,w) + In detT(x,C,w) I , 

where A is the solution, defined for all < y < x and SRe if > 0, of the equation 
A(x,y,w) + / s, iy)$(s, y, w)ds + $(x, y, w) = 



with 

1 f°° sin(xi/r) sin(j/y / r) w dr 



$(x,y,w) 



TT Jo Vr + w + ^/r 

sin fcx sin ky w 2k 



-dk 



k k k + \Jk 2 + w 7T 
(<fr is well defined since 5ie w > 0) and 
Tj,k{x,w,Q = exp(Czsr+j)<Sj,* 

+ 4 J ( sh ((jt) + J Mt, s,w)sh(( j s)dsj [^sh(( k t) + ^ A(*,s,iu)s/?tu ■ »•)'/> •) <//. 

Now there is the following theorem : 

Theorem 5.2. Consider in the same way Q m +i, Ag m+1 and t/ie Sturm- Liouville 
operators —-j^i — uj 2 Q with Q £ Ag m+1 and u large enough. 

For any (N,M) with a\U) < N + M < a^u, let if}(x,^,w) (resp. k(x,^,w) ) 
be a function defined on R + x <C N x W M of class C 2 (resp. continuous) with 
respect to x and which which satisfies the conditions of corollaru \2.1\ on any [0, X] 
with f2 w = f2jv,M- At last let b(uj) > be a constant such that b(u>) and are 
polynomial at U). 

Then the approximation o/Ag m+1 uniformly on any [0, X] by the family 

W)( k ^ w) + lx(^) (*,C, «»))), 
when to — > oo, cannot be better than of order of 

1 



^ 2 



(wlnw) m+1 ' 

In addition there is an almost optimal approximation formula such that, if N(u>) 

,2 

the number of eigenvalues £j and characteristic values Cj of the operator — -rrp — 
Q (and M = 1) and (k, is defined on R+ x C 2N(ul) x W as 



~ 

k(x, id) = ——A(x, x, w) and ^(x, C, w) = det T 7 - dx, £, w) 
ox 
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with A and Tj.k defined as above, then the family 

approximates Ag m+1 at least with the precision of order of 

1 

LU m ' 

Moreover Q £ Ag m+1 being given, such an element (C(Q)i w (Q)) can oe chosen 

as 

4£ 2 (Q) 

Q(Q)=Zj(Q), <j+WQ)=k-£T^p 3 = h---,N(cj), and w{Q)=u 2 Q{0). 

Proof. The negative result follows on [0, 1] by corollarv l2 . 31 since N + M and u> have 
same order. Moreover the restriction on [0, 1] of any potential gives a function in 
A m+ i ; conversely any function h £ A m+ i([0, 1]), strictly decreasing and satisfying 
h'(0) = • • • = /i( m+1 )(0) = 0, can be extended on R+ by Q h £ A Qm+1 . This proves 
the negative part with the compact Aq m+1 . 

On the other hand the positive result with approximation at order of — ^ comes 
from the theorem 1 of 5 (notice that the condition Q £ Ag m+1 can replace the 
bounded number of intervals of monotonicity of Q and its derivatives). Then the 

only difficulty is to prove that the choice of (^A, ^ is possible to get. 
First by proposition 14. II the function 

x i ► — — A(x, x, w) 
ox 

exists, is continuous with respect to x and holomorphic of polynomial kind with 
respect to w £ W. 

Next each function Tj ^ is of class C 2 with respect to x : indeed A(x,y,w) is 
continuous with respect to (x, y) £ A then 

— -^-{x, (, w) — 4 (sh(Qx) + J A(x, s,w)sh(Qs)ds \ (sh(£k%) + J A(x, s,w)sh((ks)ds 

Since the application x i— > A(x, y, w) £ L^([0, x]) is continuously differentiable, it 
follows that for all j, k 

d 2 T ( ~ f x dA \ 

qJ 2 (xX,w) = 4 ( Qch((jx) + A(x,x,w)sh(Qx) + J — (x,s,w)sh((js)ds J 

x ^sh((kx) + J A(x, s,w)sh((ks)ds 

+ 4 (sh(Qx) + J A(x, s,w)sh(Qs)ds 

(~ f x dA y 

CjCh(Cfcx) + A(x,x,w)sh(Ckx) + J —(x,s,w)sh(( k s)ds 

exists and is continuous with respect to x £ R + . Then 'J is of class C 2 with respect 
to x and the estimates are fulfilled : indeed it is true for each Tj t k and its two 
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derivatives thanks to proposition 14. II hence it is true for the determinant $ and its 
derivatives. 

On the other hand k is continuous with respect to x and holomorphic of poly- 
nomial kind with respect to all w G W (and not only in M. + ). 
Moreover for all j, k and all ((, w) G C 2N ^ x W 

Tj,k(0, C, w) = exp (Ci+JV(«)) *j,fc, 

then for all (£, w) G f2 u 

= O (exp (out)) , 

and for all (C,w) € C 2A, (") x W, 2gL* (0, £ 10) = thus 

^(o,c,«») = o. 

At last Q G Ag m+1 being given, the following choice of parameters 

Q(Q) = Z.i(Q)-. Ci+JV(a,)(Q)=ln-^gy, j = !,•••, and «,(Q) = co 2 Q(0), 
is possible to get : indeed by proposition 13 . II for all j = 1, . . . , A r (w) 

0(Q) and In^g^OK); 

on the other hand, since Aq m+1 is a compact subset there are c\ and C2 such that 
for all Q G A Qm+1 , 

ci < Q(0) < pa. 

After choosing r2 = 2 and setting ai = a = B2(N(u>) + l) 2 , we have to find B 2 and 
e (depending on Aq m+1 ) such that for all Q G Ag m+1 and w > uj (uj depending 
on Aq m+1 too), 

[ Cl w 2 , c 2 w 2 ] C [eB 2 (A^M + l) 2 , (2 - e)B 2 {N{uo) + l) 2 ] . 

Since e < 1 it is sufficient to get 

f 2 



e < 



c i uj 



J 2 (A r (^) + l) 2 - 

As it was seen in the proof of theorem 15. II by the bounds of Calogero the number 
Nq(oj) is bounded as 

b\uj < Nq(lu) < b 2 0J, 

then one can choose B 2 and e in order to satisfy these inequalities and the proof is 
finished. 

V 

Remark 5.f . When Q vanishes at with derivatives the spectral measure a lA j(dr) 
becomes 



o 



which gives the Gelfand-Levitan approximating formula which is entirely ex- 
plicit. The one obstacle is that we do not know if the precision of approximation 
will still be of order of -4^-, because in order to apply the theorem 1 in 0, the 
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function Q must be strictly positive on M + (in particular at 0). However numerical 
experiments make think that the approximation at order of — ^- is valid in this case 
although (see [S], section 4). 

5.4. Another possible application in inverse problem. Before finishing we 
give here an example of inverse problem in which we would like to use our negative 
results. 

Example 5.1. The theorem 1.2 p. 260 in B' gives an original result in the case of 
L 2 -approximation : if u is a negative potential of class C 1 then lim e _>o u{-, e) = u 
where 

d 2 

u(x,e) = -2e 2 -— \ndct(I + G(x,e)), 
dx z 

with 

G(x,e) = e >- Cj C k 

and 1 < j, k < N(e), e = —. Here we as well consider an analytic function with 
respect to its eigenvalues r/j and characteristic values In Cj of exponential kind. 
More precisely it has the following form : 

n, /■ \ exp(w 3 +w k )x 

G(x, C, w) = e J - exp(Cj + Cfc), 

Wj + Wk 

and one can choose Wj = -j^, Cfc = InCfcj = 1, . . ., N(e), with r large enough such 
that % can have a positive lower estimate. We hope to get a result like theorems \5.1\ 
and \5.2\ 
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